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1 Introduction: The Philosophy of Data Science
Before diving into specific concepts, understand this: **Data science is the art of asking
the right questions, converting messy reality into clean numbers, and making decisions
under uncertainty.**

Every technique exists because of a fundamental tension:

• Between **simplicity** (easy to understand) and **flexibility** (can fit any pat-
tern)

• Between **bias** (systematic error) and **variance** (random error)

• Between **computation time** and **accuracy**

• Between **interpretability** and **performance**

This document systematically unpacks the **why** behind every major concept in
data science.

2 Why Data Must Be Numerical: The Linear Alge-
bra Constraint

2.1 Intuitive Explanation
Imagine trying to teach a child what ”apple” means using only numbers. That is what
we ask computers to do. Computers fundamentally operate on numbers—they have no
built-in concept of ”red” or ”cat” or ”happy.” Every piece of non-numerical data must be
translated into a language computers understand: vectors and matrices.

2.2 Mathematical Derivation
Almost every ML algorithm can be expressed as:

Output = f(WTx+ b)

where x is the input vector, W is a weight matrix, and f is a function. This requires:

1. x to be a vector of real numbers

2. Addition and multiplication defined

3. Dot products computable: WTx =
∑

j Wijxj

If xj is not a number (e.g., ”red”), this sum is undefined.
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2.3 Concrete Example: Color Encoding

Problem: Predict if an email is spam based on email color theme (Red, Green,
Blue).
Bad encoding (Label Encoding): Red=1, Green=2, Blue=3. Model learns:
y = w1 · 1 +w2 · 2 +w3 · 3 + b. This implies Red × 2 = Green? And Red + Blue =
4, but there is no Green+? This creates false ordinal relationships.
Good encoding (One-hot): Red=[1,0,0], Green=[0,1,0], Blue=[0,0,1]. Now
model learns separate weights per color: y = wRed · 1 + wGreen · 1 + wBlue · 1 + b
(with only one active at a time). No false ordinality.

2.4 Counterexample: What If You Don’t Convert Properly?
If you feed text strings directly into a neural network, you get:

TypeError: can't convert string to float

The model simply cannot train.

2.5 Practical Advice
• **For categories with no order**: One-hot encoding

• **For categories with order (small, medium, large)**: Label encoding (preserves
order)

• **For high-cardinality categories (1000+ unique values)**: Target encoding or em-
beddings

2.6 Deep Concluding Thought
The way you convert data to numbers is often more important than the model you choose.
A simple logistic regression on well-engineered features can outperform a neural network
on raw, poorly encoded data. Garbage in, garbage out—but ”garbage” here means ”in-
appropriate numerical representation.”

3 Why ex Is Everywhere: The Natural Exponential’s
Unique Property

3.1 Intuitive Explanation
ex is the only function (up to scaling) that equals its own derivative. This makes it
the natural solution to processes where the rate of change is proportional to the current
value—like population growth, radioactive decay, and, in ML, converting log-odds to
probabilities.

6



3.2 Mathematical Derivation
The differential equation dy

dx
= y has solution y = Cex. In logistic regression, we assume

log-odds are linear:
ln

(
p

1− p

)
= βTx

Exponentiate both sides:

p

1− p
= eβ

T x =⇒ p =
eβ

T x

1 + eβT x

Similarly, for multi-class:

ln

(
pi
pc

)
= βT

i x =⇒ pi =
eβ

T
i x∑

j e
βT
j x

3.3 Concrete Example: Medical Test Interpretation
Suppose a test gives a score z = 2.5 for a patient. Without ex, how do we convert this to
a probability? Sigmoid does it:

p =
1

1 + e−2.5
=

1

1 + 0.082
≈ 0.924

If z were negative, e−z becomes large, pushing p toward 0. This S-shape is exactly what
we want: extreme scores map to probabilities near 0 or 1.

3.4 Why Not Other Functions?
Could we use 2x? Yes, but the derivative becomes ln 2 · 2x, introducing an extra constant.
ex is natural because its derivative is clean. Any exponential can be written as ex ln a, so
using ex is just a choice of base.

3.5 Counterexample: Linear Probability Model
What if we naively use p = βTx? For x values outside [0, 1], p can become negative or >1.
That’s meaningless for probability. ex ensures positivity through exponentiation, and the
denominator ensures normalization.

3.6 Deep Concluding Thought
ex appears in every probabilistic ML model because:

1. It guarantees positivity (essential for probabilities and rates)

2. It turns additive effects in log-space into multiplicative effects in original space

3. It has a simple derivative, making gradient-based optimization tractable

When you see softmax, sigmoid, or Gaussian, you are seeing the fingerprint of ex.
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4 Why Activation Functions Must Be Non-Linear:
The Collapse Theorem

4.1 Intuitive Explanation
Imagine you have two magnifying glasses. If both only make things bigger but don’t
distort, using two is the same as using one stronger magnifying glass. Similarly, if every
layer of a neural network only does linear transformations (multiply and add), stacking
100 layers is mathematically identical to a single layer. Non-linear activations ”break”
this—each layer can learn a different kind of distortion.

4.2 Mathematical Derivation
A linear layer: h = Wx+ b. Two linear layers:

h2 = W2(W1x+ b1) + b2 = (W2W1)x+ (W2b1 + b2)

This is equivalent to a single layer with Weff = W2W1 and beff = W2b1 + b2. By
induction, L linear layers collapse to one.

4.3 Concrete Example: XOR Problem

Problem: Learn XOR: Input (x1, x2) output x1 ⊕ x2 (1 if different, 0 if same).
Linear model: y = w1x1 + w2x2 + b. Points: (0,0)→0, (0,1)→1, (1,0)→1, (1,1)→0.
No line separates these. Try drawing: any line that puts (0,1) and (1,0) on one side
will also put either (0,0) or (1,1) on that side.
With one hidden layer (2 neurons) and ReLU:

h1 = ReLU(x1 − x2), h2 = ReLU(x2 − x1)

Then y = h1 + h2 solves XOR exactly.

4.4 Without Non-Linearity: What Happens?
A 100-layer linear network takes 0.001 seconds to train (just a matrix multiplication) but
cannot solve XOR. Depth is useless. That’s why deep learning only became powerful after
ReLU and other non-linear activations.

4.5 Practical Advice
• **ReLU** (max(0, x)): Default for hidden layers. Fast, avoids vanishing gradient.

• **Leaky ReLU** (max(0.01x, x)): Prevents dead neurons.

• **Sigmoid/Tanh**: Use only in output layers for binary classification (sigmoid) or
for RNN cells (tanh).

• **Swish/GELU**: For state-of-the-art transformers (BERT, GPT).
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4.6 Deep Concluding Thought
Non-linearity is the secret ingredient that makes deep learning ”deep.” Without it, neural
networks would be just linear regression in disguise. The choice of activation function
is a hyperparameter that trades off: expressiveness (ReLU is less smooth but works),
trainability (sigmoids saturate), and computational cost (ReLU is cheap).

5 Why Regularization Increases Bias but Decreases
Variance: The Mathematical Tradeoff

5.1 Intuitive Explanation
Imagine you are drawing a curve through points. - **High variance**: You try to pass
through every point exactly. The curve wiggles wildly. If points shift slightly, the curve
changes dramatically. - **High bias**: You force the curve to be a straight line. It may
miss the points, but if points shift, the line barely moves.

Regularization (L2, L1, dropout) is like putting a rubber band around your weights:
they can’t get too large. This makes the curve smoother (less wiggly → lower variance)
but potentially less accurate to the true pattern (higher bias).

5.2 Mathematical Derivation of L2 Effect
Ridge regression minimizes:

L =
n∑

i=1

(yi −wTxi)
2 + λ∥w∥2

The closed-form solution is:

ŵridge = (XTX+ λI)−1XTy

Compare to OLS: ŵOLS = (XTX)−1XTy. Adding λI increases the eigenvalues of XTX
by λ, shrinking the estimate.

Bias: E[ŵridge] = (XTX + λI)−1XTXwtrue ̸= wtrue unless λ = 0. So bias increases
with λ.

Variance: Var(ŵridge) = σ2(XTX+ λI)−1XTX(XTX+ λI)−1. As λ increases, eigen-
values in denominator increase, so variance decreases.

5.3 Concrete Example: Polynomial Regression

True function: f(x) = x2 (simple parabola). Training data: 10 points from
x ∈ [−3, 3] with Gaussian noise σ = 0.5.
- **Degree 15 polynomial (no regularization):** Fits all 10 points exactly (training
error = 0). But test error is huge because the polynomial oscillates wildly between
points. - **Degree 15 with L2 (λ = 0.1):** Coefficients are shrunk. The curve
smooths out, still capturing the parabola shape but not the noise. - **Degree 15
with large λ = 100:** All coefficients near 0 → almost a horizontal line (underfit-
ting). High bias, very low variance.
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5.4 Counterexample: No Regularization Leads to Overfitting
Image classification on CIFAR-10 with a large CNN but no dropout or weight decay.
Training accuracy reaches 99.9

5.5 Practical Advice
• **L2 (Ridge):** Use when you want all features to contribute a little. Good for

collinear features.

• **L1 (Lasso):** Use when you suspect only a few features matter. Does feature
selection.

• **Elastic Net (L1+L2):** Use when you have many features and potential collinear-
ity.

• **Dropout:** Use in neural networks; typical rate 0.2–0.5.

• **Batch Normalization:** Also acts as regularizer; use in deep CNNs.

Always tune λ (regularization strength) via cross-validation.

5.6 Deep Concluding Thought
Regularization is not a hack—it is a mathematical necessity. Any real-world dataset has
finite size and noise. Without regularization, you are guaranteed to overfit if your model
is flexible enough. The bias-variance tradeoff is fundamental: you cannot reduce both
without more data or better priors. Regularization is how you encode your prior belief
that the true function is smooth, simple, or sparse.

6 Model Bias vs Training Variance: Two Different
Problems, Two Different Solutions

6.1 Intuitive Explanation
• **Model Bias (structural)** : You choose a hammer when you need a screwdriver.

Even with perfect instructions and unlimited time, a hammer cannot drive a screw.
This is baked into the tool.

• **Training Variance (estimation)** : You ask 10 different people to draw the same
curve given the same noisy points. They draw 10 different curves because each saw
different noise. This variability is due to limited data.

6.2 Mathematical Formulation
For a model f̂ learned from training set D:

ED[(y − f̂(x))2] = (ED[f̂(x)]− f(x))2︸ ︷︷ ︸
Bias2

+ED[(f̂(x)− ED[f̂(x)])
2]︸ ︷︷ ︸

Variance

+σ2

Bias is the error from the model class being too limited. Variance is the error from the
training set being too small or noisy.
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6.3 Concrete Example: House Price Prediction

Scenario 1 (High Model Bias): You use only square footage to predict price.
True price depends on bedrooms, bathrooms, location, age, school district. Even
with 1 million houses, your model will systematically underpredict expensive houses
in good school districts. Solution: Add more features or use a more flexible model
(random forest, neural net).
Scenario 2 (High Training Variance): You use 200 features (including zip code,
number of windows, distance to nearest Starbucks) but only 50 training houses. If
you change one house in the training set, the model’s predictions change drastically.
Solution: Get more data, use regularization, or reduce features via PCA.

6.4 How to Diagnose Using Learning Curves
• **High bias**: Training error is high, and validation error is similarly high. Both

plateau as you add more data. Example: Linear regression on quadratic data.

• **High variance**: Training error is low, but validation error is much higher. The
gap persists as you add more data (though both may decrease). Example: High-
degree polynomial on few points.

6.5 Practical Solutions Table

Problem Diagnosis Solutions
High bias Training error high, valida-

tion error high
Add features, polynomial
terms, increase model com-
plexity, reduce regulariza-
tion

High variance Training error low, valida-
tion error much higher

Add more data, regulariza-
tion (L1/L2/dropout), re-
duce model complexity, en-
semble methods (bagging)

Both Training error high, valida-
tion error higher

More data + model com-
plexity increase

6.6 Deep Concluding Thought
Many beginners either start too complex (high variance) or too simple (high bias). The
art of data science is iterating: start simple, diagnose, then add complexity where needed.
Never add complexity without first checking if bias is the real problem. More data helps
variance but not bias; a more flexible model helps bias but can worsen variance.
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7 Why Gradient Descent Works and How to Escape
Local Minima/Saddle Points

7.1 Intuitive Explanation
Imagine standing on a mountain in thick fog. You cannot see the whole landscape, but
you can feel the slope under your feet. Gradient descent says: take a small step downhill
in the direction of steepest slope. Repeat until you reach a valley. This simple algorithm
works because locally, any smooth function looks like a linear slope (Taylor series). Even
though you may not find the global minimum (the deepest valley), you will find a local
valley, which is often good enough.

7.2 Mathematical Derivation
Taylor expansion around θt:

f(θt − η∇f(θt)) ≈ f(θt) +∇f(θt)T (−η∇f(θt)) = f(θt)− η∥∇f(θt)∥2

If η > 0 is small enough, f decreases. Convergence rate for convex functions: O(1/t). For
strongly convex: exponential (linear) convergence.

7.3 Problem: Saddle Points, Not Local Minima
In high dimensions, most stationary points are saddles, not minima. For a saddle, gradient
= 0, but you are not at a minimum. Hessian has mixed eigenvalues. Gradient descent
gets stuck because gradient is near zero.

7.4 Example: Rosenbrock Function
f(x, y) = (1− x)2 + 100(y − x2)2

This has a global minimum at (1, 1). But there is a long, flat valley. Standard GD with
small η crawls slowly. With momentum, it accelerates down the valley.

7.5 Escaping Strategies Elaborated
1. **Momentum**: Maintains velocity. vt = βvt−1 + η∇f , θ ← θ − vt. Common

β = 0.9. Helps push through flat regions and small bumps.

2. **Nesterov Accelerated Gradient (NAG)** : Looks ahead: vt = βvt−1 + η∇f(θt −
βvt−1). Corrects momentum overshoot.

3. **Adam** (Adaptive Moment Estimation): Keeps running averages of gradient
(mt) and squared gradient (vt). Scales learning rate per parameter. Works well for
most problems without tuning.

mt = β1mt−1 + (1− β1)gt, vt = β2vt−1 + (1− β2)g
2
t

θt+1 = θt − η
mt/(1− βt

1)√
vt/(1− βt

2) + ϵ
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4. **Cyclic Learning Rates**: Cycle LR between ηmin and ηmax. Periodic high LRs
help escape basins. Used in training ResNets and Transformers.

5. **Stochastic Gradient Descent (SGD) noise**: Mini-batch sampling adds inherent
randomness. This noise can kick the model out of poor local minima.

7.6 Counterexample: What If You Use No Momentum?
Training a deep ResNet on ImageNet with plain SGD (no momentum) takes weeks. With
momentum, it takes days. The loss landscape has many flat plateaus; momentum pushes
through them.

7.7 Deep Concluding Thought
For convex problems (logistic regression, linear regression), gradient descent is guaranteed
to find the global minimum (with proper step size). For non-convex deep learning, we
cannot guarantee global optimum, but in practice:

1. Overparameterized networks have many good local minima.

2. Saddle points are more common; adaptive methods like Adam handle them well.

3. Initialization matters (Xavier/He initialization sets weights to appropriate scale).

Use Adam as default, switch to SGD with momentum for fine-tuning.

8 Why L1 Promotes Sparsity and L2 Does Not: Sub-
gradient Geometry

8.1 Intuitive Explanation
L1 regularization is like a tax on any non-zero weight: the tax is the same regardless of
the weight’s size. L2 is like a tax that increases with the square of the weight. So L1
forces many weights to become exactly zero to avoid paying any tax. L2 makes weights
small but rarely exactly zero.

8.2 Mathematical Derivation
For a single weight w with square loss, L1 regularized loss:

L =
1

2
(y − wx)2 + λ|w|

Subgradient (for w ̸= 0): ∂L
∂w

= −x(y − wx) + λ · sign(w). At optimum (ignoring x), the
condition is |x(y−wx)| = λ, which pushes w to zero if the unregularized estimate is small.

For L2: ∂
∂w

= −x(y − wx) + 2λw. Setting to zero: w = xy
x2+2λ

. This is never exactly
zero unless x = 0 or y = 0.

13



8.3 Geometric Intuition
L1 constraint: ∥w∥1 ≤ t (diamond shape in 2D). L2 constraint: ∥w∥22 ≤ t (circle). The
unregularized solution (point) touches the constraint region. With L1, the diamond has
corners on the axes, so the solution often lies at a corner where some weights are zero.
The circle has no corners, so solutions rarely have exact zeros.

8.4 Concrete Example: Feature Selection

Dataset: 100 features, only 3 are relevant. 200 training samples.
Lasso (L1): Shrinks 97 irrelevant features to exactly 0. The model becomes inter-
pretable: only 3 features have non-zero weights.
Ridge (L2): All 100 features have small but non-zero weights. Prediction may be
slightly better (because relevant features get help from correlated irrelevant ones),
but interpretability is lost.

8.5 When to Use Which
• **L1**: You want sparsity (feature selection). Number of features > number of

samples. Interpretability is critical.

• **L2**: You expect all features to contribute a little. Features are correlated. You
care more about prediction than interpretability.

• **Elastic Net**: You want both: sparsity + group stability. Works well when
p≫ n and features are correlated.

8.6 Deep Concluding Thought
The geometry of the penalty matters. L1’s diamond shape is fundamentally discontinuous
at zero, allowing exact zeros. L2’s circle is smooth, leading to shrinkage but not sparsity.
This difference is not just mathematical—it has practical consequences. Use L1 when you
want to know ”which features actually matter.” Use L2 when you have many weak signals.

9 Why Poisson for Counts, Negative Binomial for
Overdispersion

9.1 Intuitive Explanation
Count data (number of emails, accidents, customers) often arises from events happening
randomly over time. The Poisson distribution is the mathematical model for ”rare inde-
pendent events.” But Poisson assumes the average equals the spread (mean = variance).
Real data often has more spread (overdispersion) because events are not independent or
the rate itself varies. Negative Binomial adds a second parameter to model that extra
variability.
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9.2 Mathematical Derivation
Poisson: P (Y = y) = λye−λ

y!
, E[Y ] = Var(Y ) = λ.

Negative Binomial (Gamma-Poisson mixture):

Y |λ ∼ Poisson(λ) (1)
λ ∼ Gamma(α, β) (2)

Then marginally:

P (Y = y) =
Γ(y + α)

Γ(α)y!

(
β

1 + β

)α (
1

1 + β

)y

Mean = αβ, Variance = αβ(1 + β) = mean ×(1 + β). Since 1+ β > 1, variance > mean.

9.3 Concrete Example: Insurance Claims

Data: Number of car insurance claims per policyholder over 1 year. Mean = 0.2
claims/person, sample variance = 0.5.
Poisson would predict variance = 0.2, but we observe 0.5 → overdispersed by factor
2.5.
Why overdispersion? Some drivers are riskier (higher underlying rate). The
population is a mixture of low-risk and high-risk drivers, not homogeneous.
Negative Binomial fit: Account for individual heterogeneity. Better predictions
of claim frequency.

9.4 Practical Check for Overdispersion
In Poisson regression, the residual deviance should be about equal to degrees of freedom.
If residual deviance / df > 1.2, overdispersion is present. Switch to Negative Binomial or
Quasi-Poisson.

9.5 Deep Concluding Thought
Count data is rarely Poisson in practice because the ”constant rate” assumption is of-
ten violated. Heterogeneity, clustering, or contagion (one event increases probability of
another) create overdispersion. Negative Binomial is the go-to model for overdispersed
counts. Always check the mean-variance relationship before choosing a distribution.

10 Why Precision and Recall Beat Accuracy (Espe-
cially for Imbalanced Data)

10.1 Intuitive Explanation
Accuracy = correct / total. In a dataset with 99
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10.2 Mathematical Definitions
• Precision = TP

TP+FP
: Of all positive predictions, how many were correct?

• Recall (Sensitivity) = TP
TP+FN

: Of all actual positives, how many did we catch?

• Accuracy = TP+TN
TP+TN+FP+FN

10.3 Concrete Example: Rare Disease Screening

Population: 100,000 people, 100 have disease (0.1
Model A: Always predicts ”no disease.” TP=0, TN=99,900, FP=0, FN=100. Ac-
curacy = 99.9
Model B: Catches 80TN=98,900, FN=20. Accuracy = 80+98900

100000
= 98.98% (still

high). Precision = 80
1080

= 7.4%, Recall = 80
100

= 80%.
Which is better? For disease screening, high recall is critical (don’t miss cases).
Precision of 7.4

10.4 When to Prioritize Each
• **High Recall** (minimize FN): Cancer detection, fraud detection, spam detection

(don’t miss important emails).

• **High Precision** (minimize FP): Email spam filtering (don’t mark good email as
spam), hiring recommendation (don’t recommend unqualified candidates).

• **Balance (F1)**: When both errors are equally costly.

10.5 F1 Score: Harmonic Mean
F1 = 2 · Precision · RecallPrecision+ Recall

Why harmonic, not arithmetic? Harmonic mean penalizes extreme values. If precision=1,
recall=0, arithmetic mean=0.5, harmonic mean=0 (penalizes the zero). So F1 is low if
either is low.

10.6 ROC AUC vs PR AUC
- **ROC AUC**: Plots TPR vs FPR. Optimistic for imbalanced data (FPR based on
TNR, which is large because negatives dominate). - **PR AUC**: Plots Precision vs
Recall. More informative for imbalanced data. Use this in practice.

10.7 Deep Concluding Thought
Accuracy is a dangerous metric in imbalanced settings. Always look at the confusion
matrix. For business-critical problems, define the cost of false positives and false negatives,
then choose a threshold that minimizes expected cost, not a fixed 0.5 threshold.
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11 Why R2 Never Decreases (and Why That’s Mis-
leading)

11.1 Intuitive Explanation
R2 measures how much better your model is than guessing the mean. When you add
any new feature, R2 either increases or stays the same because you are giving your model
more information (even if that information is pure noise). It can never decrease—you can
always ignore the new feature and get the same R2. But ignoring is not what happens;
the model will fit the noise slightly, causing a tiny increase.

11.2 Mathematical Derivation

R2 = 1−
∑

(yi − ŷi)
2∑

(yi − ȳ)2

When you add a feature, you are minimizing a larger sum of squares. The minimum of a
larger set is always ≤ the minimum of a subset. So SSres can only decrease or stay same.
Thus R2 can only increase.

11.3 Adjusted R2: Penalty for Features

R2
adj = 1− (1−R2)(n− 1)

n− p− 1

where p = number of predictors. Adding a useless feature increases p slightly and R2

slightly. If the R2 increase is tiny, R2
adj may decrease.

11.4 Concrete Example

Data: Predict house prices with 100 houses (n=100). Model 1: Size only (p = 1),
R2 = 0.70, R2

adj = 0.70. Model 2: Add random noise column (p = 2), R2 becomes
0.701 (tiny increase). R2

adj = 1 − (1−0.701)(99)
97

= 1 − 0.299×99
97

= 1 − 0.305 = 0.695
(decreased!). Adjusted R2 correctly penalizes the useless feature.

11.5 Even Better: Cross-Validated R2

Instead of adjusting, use cross-validation. Compute R2 on held-out test folds. If adding
a feature reduces test R2, it’s harmful.

11.6 Deep Concluding Thought
R2 is fine for description but terrible for model selection. Use adjusted R2, AIC, BIC,
or cross-validation. In machine learning, test set performance or cross-validated error is
standard. R2 on training data is almost meaningless.
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12 Bias-Variance Tradeoff: The Fundamental Theo-
rem of Supervised Learning

12.1 Intuitive Explanation
Imagine throwing darts at a bullseye.

• **Bias** is how far your average dart lands from the bullseye. You may be consis-
tently to the left.

• **Variance** is how spread out your darts are. You may hit all over the board.

• **Total error** = bias2 + variance.

You cannot simultaneously reduce both without getting better information (more data)
or changing the game (different model class).

12.2 Complete Mathematical Derivation
Let f(x) be the true function, y = f(x) + ϵ, E[ϵ] = 0, Var(ϵ) = σ2. Let f̂(x) be learned
from training set D.

ED,ϵ[(y − f̂(x))2] = E[(f(x) + ϵ− f̂(x))2] (3)
= E[(f(x)− f̂(x))2] + E[ϵ2] + 2E[ϵ(f(x)− f̂(x))] (4)
= E[(f(x)− f̂(x))2] + σ2 (5)

Now decompose E[(f(x)− f̂(x))2]:

E[(f − f̂)2] = E[(f − E[f̂ ] + E[f̂ ]− f̂)2] (6)
= (f − E[f̂ ])2 + E[(f̂ − E[f̂ ])2] + 2E[(f − E[f̂ ])(E[f̂ ]− f̂)] (7)
= Bias2 + Variance (8)

The cross term is zero because E[E[f̂ ]− f̂ ] = 0.
Thus:

Expected Test Error = Bias2 + Variance+ σ2

18



12.3 Concrete Example: The Sine Wave

Generate 20 noisy points from f(x) = sin(2πx) with σ = 0.3. Repeat 100 times
(different noise).

• **Model A (Linear)**: Bias is high (cannot capture sine shape). Variance is
low (all linear fits look similar). Test error dominated by bias.

• **Model B (Degree 4 polynomial)**: Bias is low (captures shape). Variance
is moderate (some variation between fits). Lowest test error.

• **Model C (Degree 15 polynomial)**: Bias near zero (fits training points
exactly). Variance is huge (wildly different fits). Test error dominated by
variance.

Plot expected error vs model complexity: U-shaped curve. Optimal complexity at
the minimum.

12.4 Modern Twist: Double Descent
In deep learning, with high overparameterization (more parameters than data points),
test error can decrease again after peaking. This is because the implicit regularization of
gradient descent (starting from small weights, early stopping) selects a ”simple” solution
among the many interpolating solutions.

12.5 Practical Implications
• **Small dataset**: Use simple models to avoid variance.

• **Large dataset**: Can use complex models (low bias) because variance shrinks as
n grows.

• **Regularization**: Increases bias, decreases variance. Use cross-validation to find
the right lambda.

• **Ensembles (bagging)**: Reduce variance without increasing bias (by averaging
models).

12.6 Deep Concluding Thought
The bias-variance tradeoff is not just a theoretical curiosity—it is the central organizing
principle of supervised learning. Every modeling decision (algorithm choice, feature se-
lection, regularization, data collection) moves you along this curve. The best model is the
one that minimizes total error, not the one with lowest training error. Cross-validation is
your empirical tool for navigating this tradeoff.
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